In this paper we demonstrate that the vigorously growing multiplicity distributions measured by STAR and ALICE present a strong evidence in favor of multigluon fusion mechanisms of the quarkonia production in CGC approach. We analyze the contribution of 3-gluon fusion mechanism and demonstrate that it gives a sizeable contribution to quarkonia yields, as well as predicts correctly the multiplicity distributions for J/ψ at RHIC and LHC. We also make predictions for other quarkonia states, such as ψ(2S) and Υ(1S), and find that the multiplicity dependence of these states should be comparable to similar dependence for J/ψ. Finally, we discuss an experimental setup in which very strong multiplicity dependence could be observed. This observation would be a strong evidence in favor of CGC approach.
I. INTRODUCTION
The production mechanisms of hadrons which contain heavy quarks (open-charm D-mesons and charmonia states) remains one of the long-standing puzzles of high energy particles physics. The standard approaches assume that the dominant contribution comes from gluon-gluon fusion, and the heavy quarks formed in the process might emit soft gluons in order to hadronize into D-mesons or form quarkonia states [1] [2] [3] [4] . This picture gives reasonable estimates for the total and differential cross-sections, within uncertainty due fragmentation functions of D-mesons or Long Distance Matrix Elements (LDMEs) of charmonia states [5] [6] [7] [8] [9] [10] [11] .
However, the descriptions based on gluon-gluon fusion picture hardly can explain the multiplicity distributions of heavy mesons recently measured at LHC. As was found by ALICE [12, 13] collaboration, the charmonia yields grow rapidly as a function of the multiplicity of co-produced charged particles. Early results from AA collisions were interpreted as a telltale sign of Quark-Gluon Plasma formation, and were successfully described in the framework of the hydrodynamic models. However, recent measurements of ALICE demonstrated that similar enhancement occurs in pA [14, 15] and even in pp collisions [16, 17] , as well as in production of D-mesons [18] . The analysis of experimental data did not find a significant dependence on either the initial volume (collision centrality) or the initial energy density (which is correlated with collision energy). A similar enhancement occurs in strangeness production, where the yield ratios Λ +Λ /2K 0 S and (p +p) / (π + + π − ) do not change significantly with multiplicity, thus establishing that the observed effect is not due to the difference in the hadron masses. As was discussed in [19] , these new findings cannot be easily accommodated in the framework of models based on gluon-gluon fusion picture and potentially could require introduction of new mechanisms both for AA and pp collisions.
Recently in [20] we suggested that the experimentally observed dependence on multiplicity in quarkonia production [21, 22] could indicate a sizeable contribution of the multipomeron mechanisms [57] . While it is expected that such higher-order contributions should be suppressed in the heavy quark mass limit, for charmonia such suppression does not work due to compensation of the large-m c suppression by enhanced gluon densities in small-x kinematics. Besides, for the 3-pomeron term such suppression does not work even in the heavy quark mass limit and therefore 3-pomeron term gives a sizeable contribution [20, 23, 24] . Indeed, as we can see from the Fig. (1) , formally the two-pomeron and three-pomeron mechanisms contribute in the same order in the strong coupling α s . For a long time it was believed that two-pomeron mechanism dominates, since the softness of the emitted gluons in the two-pomeron mechanism implies milder suppression in the heavy quark mass limit than expected from O(α s ) -counting. However, at high energy the contribution of the three-pomeron mechanism is also enhanced because the additional t-channel gluon yields enhancement due to increased gluon densities. As was illustrated in [20, 23, 24] , the latter mechanism also provides a reasonable description of the rapidity and the p T -dependence of produced charmonia [58] . In our preliminary study [20] we demonstrated that the three-pomeron mechanism qualitatively can describe the main features of the multiplicity distribution. In this paper we analyze the multiplicity dependence in detail and apply the general CGC/saturation approach to its evaluation in different kinematics and different quarkonia states.
The paper is structured as follows. In the next Section II we describe a framework for quarkonia production in the CGC/Saturation approach. In Section III we make numerical estimates of the multiplicity distributions, compare with available experimental data, and make predictions for the ψ(2S) and Υ(1S) quarkonia. Finally, in Section IV we draw conclusions and discuss some open challenges in our approach.
II. THREE-POMERON CONTRIBUTION TO CHARMONIA PRODUCTION
The contribution of the three-pomeron mechanism to the cross-section of the S-wave quarkonia production is given by [20] dσ (y,
where y is the rapidity of produced quarkonia measured in the center-of-mass frame of the colliding protons, Ψ M (r, z) is the light-cone wave function of the quarkonium M (M = J/ψ, ψ(2S), Υ(1S)) with transverse separation between quarks r and the light-cone fraction carried by the quark z; Ψ g is the wave function of the heavy quark-antiquark pair. We also use notation
is the dipole scattering amplitude. The factors in the first line are explained in detail in [20] and are related to gluon uPDFs and DPDFs in the proton. The nonperturbative factor ∼ d 2 Q S 2 h (Q T ) is important for the absolute cross-sections studied in [20] , yet eventually will cancel in self-normalized observables considered in this paper. The second factor includes the gluon PDF x g G (x g , µ F ) , which we take at the scale µ F ≈ 2 m c . In the LHC kinematics at central rapidities (our principal interest) this scale significantly exceeds the saturation scale Q s (x), which justifies the use of two-gluon approximation. However, in the kinematics of small-x g (large energies) there are sizeable non-perturbative (nonlinear) corrections to evolution in the CGC/Saturation approach. The corresponding scale µ F in this kinematics should be taken at the saturation momentum Q s . The gluon PDF x 1 G (x 1 , µ F ) in this approach is closely related to the dipole scattering amplitude N (y, r) = d 2 b N (y, r, b) as [32, 33] 
where y = ln(1/x). The Eq. (3) might be inverted and gives the gluon uPDF in terms of the dipole amplitude,
The result allows us to rewrite (1) in a more symmetric form, entirely in terms of the dipole amplitude N ,
which will be used for analysis below.
III. NUMERICAL ESTIMATES
In CGC/saturation approach the dipole amplitude N y, r, b is expected to satisfy the non-linear Balitsky-Kovchegov [34] equation for the dipoles of small size r. In the saturation region this solution should exhibit a geometric scaling, being a function of one variable τ = r 2 Q 2 s , where Q s is the saturation scale [35] [36] [37] [38] . Such behaviour is implemented in different phenomenological parametrizations available from the literature. One of such parametrizations which we will use for our numerical estimates is the CGC parametrization [39] (for the sake of definiteness, we use the first set of parameters from Table I in [39] ).
As was illustrated in [20] , the quarkonia production cross-section (5) with CGC dipole parametrization provides a very reasonable description of the shapes of produced charmonia as a function of rapidity and transverse momentum, as well as predicts that the suggested mechanism gives the dominant contribution to J/ψ yields. The description of multiplicity dependence presents more challenges at the conceptual level because there are different mechanisms to produce enhanced number of charged particles N ch . The probability of multiplicity fluctuations decreases rapidly as a function of number of produced charged particles N ch [44] , for this reason for study of the multiplicity dependence it is more common to use a normalized ratio [17] 
where n = N ch / N ch is the relative enhancement of the charged particles in the bin, w N J/ψ / w N J/ψ and w (N ch ) / w (N ch ) are the self-normalized yields of J/ψ and charged particles (minimal bias) events in a given multiplicity class; dσ J/ψ (y, √ s, n) is the production cross-sections for J/ψ with rapidity y and N ch = ∆η dN ch /dη charged particles in the pseudorapidity window (η − ∆η/2, η + ∆η/2).
Traditionally it is assumed that enhanced multiplicity N ch > N ch might be due to contributions of mutligluon (multipomeron) configurations, as shown in the Figure 2 . This mechanism leads to the multiplicity dependence
whereP (N IP ) is the probability to produce N IP pomerons, and we expect that N ch ∼ N IP . In case of inclusive charged particles production in a given multiplicity class, we expect that the yield w (N ch ) / w (N ch ) is given byP (N IP ) , for this reason the ratio (6) evaluated with this mechanism should have linear dependence on n ∼ N IP / N IP . The experimental observation [21, 22] that the n-dependence grows faster than linearly implies that other mechanisms might give essential contribution. In the 3-pomeron mechanism analyzed in this paper we expect that the multiplicity dependence is enhanced due to a larger average number of particles produced from each pomeron (see the right panel of the Figure 2 ). We expect that each such cascade ("pomeron") should satisfy the nonlinear Balitsky-Kovchegov equation. The increased multiplicity in individual pomerons leads to modification of the dipole amplitude N y, r, b → N y, r, b, n . To the best of our knowledge, currently there is no microscopic first-principle evaluation of the dipole amplitude N y, r, b, n , for this reason we will use for it a phenomenological prescription. As was demonstrated in [27, 32, 40] the observed multiplicity dN ch /dy is roughly proportional to the saturation scale Q 2 s . Since the distribution dN ch /dy in the large part of rapidity range has a very mild dependence on y, we may assume that the saturation scale should grow in proportion to n [41, 42] ,
While at LHC energies it is expected that the typical values of saturation scale Q s (x, b) fall into the range 0.5-1 GeV, in events with enhanced multiplicity this parameter might exceed the values of heavy quark mass m Q and lead to interesting interplay of large-Q s and large-m Q limits. In what follows we assume that there is no other modification of the dipole amplitude N y, r, b in this regime. Given the fact that dependence of Q s (x) on energy is very mild,
we see that the selection of high-multiplicity events is an effective way to access the physics of the deep saturation regime, which otherwise would require a significantly larger values of √ s. As we have argued in Ref. [20] , for moderate values of n, when the saturation scale is not very large, Q s m Q , the dominant contribution to the integrals over r, r in (5) comes from the vicinity of the saturation scale, |r| ∼ |r | ∼ Q −1 s , where the dipole amplitude is given by [43] 
For this reason in what follows we will also use the parametrization (10) for semianalytical estimates of multiplicity dependence.
In measurement of the multiplicity there are two different situations, when the bins used for collecting charmonia and co-produced charged particles are well-separated by rapidity, and when the bins overlap, as shown in the Figures 3, 4 . In the former case, we may unambiguously assign all the produced particles either to one-gluon or to the two-gluon ladders in t-channel. Since we assume that each gluon reggeizes independently and gives equal contribution to observed average yields of charged particles, for the two-pomeron case the enhanced multiplicity should be assigned in equal parts to both pomerons. For this reason, the cross-section (5) for n = 1 modifies as
where we introduced shorthand notation
added explicitly the dependence on the relative multiplicity enhancement parameter n, and for the sake of definiteness assumed that co-produced charged particles are collected at higher rapidity η than the rapidity y of J/ψ, as seen in the Diagram (A) of the Figure 3 (the opposite case corresponds to inversion of sign of rapidity y).
The evaluation of (11) requires knowledge of probability distribution P (n) for a pomeron to have relative enhancement of multiplicity n. The theoretical evaluation of this quantity is very involved. As was found experimentally [44] , the distribution of charged particles in pp collisions for n 1 is close to exponential behaviour ∼ exp(−const n) (modulo logarithmic corrections) [59] . However we would like to emphasize that this result cannot not be applied to single pomerons because a convolution of any two parts of pomeron does not satisfy the convolution indentity
On the other hand, it was predicted long ago [56] that distribution of particles inside a single pomeron P (N ) might be described by Poisson distribution. This distribution clearly satisfies (13) . However, in order to reproduce the experimentally observed behaviour in this approach, this would require resummation of infinite number of pomerons with additional model assumptions for hadron-hadron collisions. In view of this ambiguity, in what follows we will assume that the convolution of the distributions P (n i ) in (11) just cancels in the ratio (6) , and in case when more than one pomeron spans through the region covered by the detector, the multiplicity is shared equally between pomerons, as we would get with Poisson distributions. For this reason instead of the ratio (6) we will work with a simplified ratio dN J/ψ /dy dN J/ψ /dy = dσ J/ψ y, η, Q 2 , n /dy dσ J/ψ (Y η, , Q 2 , n = 1) /dy (14) where we use notation dσ instead of dσ for the cross-section to emphasize that we took out normalization to probability distribution of charged particles (factor P (n)). According to our assumption, the integral over n 1 in (11) gets the dominant contribution from the region when the enhanced multiplicity is shared equally between pomerons, i.e. n 1 = n/2, so we can rewrite the normalized cross-section as Figure 4 : In case when the quarkonia and charged particle bins overlap, the observed ehanced multiplicity cannot be attributed either to single-pomeron or to double-pomeorn yields, for this reason we have to integrate over the rapidity of J/ψ in the bin and sum over all possible distributions between particles between the upper and lower pomerons, such that n1 + n2 + n3 = n.
In the small-n limit (1 n m 2 Q /Q 2 s (x)) we may use the dipole amplitude (10) and get for the ratio (6)
is a numerical coefficient. At the same time, for the gluongluon fusion mechanism we expect that the corresponding n-dependence would be simply ∼ nγ in this kinematics. As could be seen from the left panel of the Figure 5 , the three-gluon mechanism (11,6) describes the experimental data [46] reasonably well, whereas the 2-gluon contribution clearly underestimates the n-dependence.
More complicated is the situation when the J/ψ and charged particle bins partially overlap or coincide. In the overlap region we cannot attribute enhanced multiplicity just to a single or double gluon ladder, and instead have to average over all possible distributions of particles n 1 , n 2 , n 3 among pomerons, such that n 1 + n 2 + n 3 = n. For this reason the cross-section for this case is given by (see Appendix A for more details) s =13 TeV, 2.5<y<4 CGC/Sat Small-n approx. . Experimental data are from [46] . Right: Evaluation at central rapidities (|y J/ψ | < 0.9). Due to overlap of the bins of charmonium and charged particles, we have an additional contribution of the nonlinear term 18 which leads to more pronounced n-dependence. Experimental data are from [21, 22] . In both plots dashed curves labeled "Small-n approx." correspond to evaluation with a dipole amplitude (10) . The curves labeled "2-gluon" in both plots correspond to n-dependence of the gluon-gluon fusion mechanism, as explained in the text. In both plots we use the LC Gauss wave function [49] (see Appendix B) for more details.
where we integrate over the rapidity of J/ψ inside the bin using the variable t = (y − η min )/∆η, and over relative multiplicities in each pomeron. In the case when the rapidity bins used to collect charged particles and J/ψ fully overlap (y min = η min , y max = η max ), the variable t ∈ [0, 1]. As we discussed earlier, currently we do not have a reliable first-principle parametrization for P (z), and for this reason in what follows we will use a simplified assumption that the full cross-section might be approximated by a sum of three contributions, when the quarkonium is produced at the center of the rapidity bin or at the borders, as shown in the Figure 4 . The contribution of the border region is given by (15, 16) . In the center of the bin, we may assume that the observed multiplicity n is shared equally between the pomerons, so the contribution of this region is given by s =13 TeV, |y|<0.9 [21, 22] . Right: Comparison of J/ψ results with predictions for different quarkonia states, ψ(2S) and Υ(1S) (we use Cornell WFs B instead of LC Gauss because it allows to make predictions for J/ψ and higher excited states in the same approach. For other parametrizations of the wave functions results are similar).
LC Gauss
With the dipole amplitude (10) the expected large-n dependence of this additional term (18) is given by
considerably more pronounced than (16) . In the experimentally measured ratio (6) for the cross-section dσ we should take a weighted sum of the cross-sections (15) and (18) . We expect that with the parametrization (10) the n-dependence should have a form
In the right panel of the Figure 5 we've shown the n-dependence with account of the additional term and compare it with experimental data from [21, 22] . As we can see, the model gives a reasonable description of experimental data. In the Figure 6 we show the dependence of our predictions on the choice of the wave function, using for comparison boosted rest frame wave functions described in Appendix B. As expected, this dependence is very mild. In the right panel of the same Figure 6 we show predictions for other quarkonia states which might be within the reach of experimental searches in the nearest future. We expect that both ψ(2S) and Υ(1S) states might have slightly more pronounced n-dependence than the J/ψ meson.
In the Figure 7 we have shown results for J/ψ multiplicity dependence in the RHIC kinematics, which are in a very good agreement with experimental data [47, 48] . We also show predictions for Υ(1S) and ψ(2S) which are close to results for J/ψ. We hope that these predictions will be checked very soon. Finally, we would like to mention that the contribution of the last term (17) might be singled out if the width of the pseudorapidity bin ∆y used for collection of quarkonia is significantly smaller than the width of the bin ∆η used for collection of charged particles and includes it inside (∆y ∆η), (y min , y max )⊂(η min , η max ). In this case the contribution of the border region is negligible, and we expect that the n-dependence is given only by (19) . We hope in the future the experimentalists will be able to check this prediction.
IV. CONCLUSIONS
In this paper, we analyzed the multiplicity dependence of the two-gluon and three-gluon fusion mechanisms, assuming that the observed multiplicity dependence is due to increase of the average number of particles produced from each CGC pomeron. We found that the two-gluon mechanism significantly underestimates the multiplicity dependence, whereas the predictions of the three-gluon mechanism are in reasonable agreement with available experimental data in a wide energy range, from RHIC to LHC. We believe that this argument is a strong evidence that the contribution of three-gluon mechanism might be substantial in J/ψ production. We call the experimentalists to measure the multiplicity dependence of other charmonia (e.g. ψ(2S) and Υ(1S)), for which we expect approximately the same multiplicity dependence as for J/ψ. Such measurement would be an important argument in favor of 3-gluon mechanism in CGC approach. We also predict that the suggested mechanism should provide a strong ∼ n 3 dependence in the kinematics when J/ψ is produced at the center of the charged particle bin, i.e. the width of the bin ∆y ∆η. Our predictions are sensitive to the large-distance behaviour of the dipole amplitude, and going to higher values of n potentially could allow to test the saturation model implemented in a dipole amplitude. However, experimental study of this regime is challenging due to a rapid decrease of probability (yields) of such high-multiplicity events [44] , which puts it out of reach of modern and forthcoming accelerators.
The mechanism of multiplicity dependence suggested in this paper is not unique: multiplicity might be also enhanced due to large number of pomerons as shown in the the left panel of the Figure 2 and in the Fig. 2 . We also should take into account that each of the ladders (pomerons) shown in the Figure 8 might lead to development of the Balitsky-Kovchegov cascade, as shown in the right panel of the Figure 2 . We plan to address these issues in a future publication [45] .
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In what follows we will use notations N (1) ch , N (2) ch and N
ch for the number of charged particles produced from each of the pomerons, with
where N ∆η i /η tot , and the length of the pomeron is given by
The probability that 3 pomerons will share the particles according to (A1) is given by
ch , N
where we introduced the variables n i = N 
If the width of the bin ∆η is sufficiently large (so that N (∆η) ch 1), we may replace the summation over N (1) ch , N
(2) ch with integral over n 1 , n 2 and obtain the Eq. (17).
Appendix B: Wave functions of quarkonia
In our evaluations, unless stated otherwise, we use the so-called light-cone wave functions of 1S quarkonia states [49] 
where N and R are some numerical constants. In the heavy quark mass limit, as well as in deeply saturated regime we expect that the results should not depend on the choice of the wave function at all, since only small dipole configurations in (5) give the dominant result. In the small-r approximation we may replace the wave function Φ(z, r) with its value in the point r = 0, which eventually cancels in the ratio (6) . However, in order to assess the accuracy of this approximation, as well as to have the wave functions of other quarkonia (primarily ψ(2S) and Υ(1S) are of interest for experimental searches), we also used the wave functions evaluated in the rest frame potential models and boosted to the moving frame in the momentum space. Technically, this prescription is given by a relation [49, 50] 
where ψ RF is the Fourier image of the eigenfunction of the corresponding Schroedinger equation. For comparison we considered three different choices of the potential:
• The linearly growing Cornell potential
which is discussed in detail in [51, 52] • The potential with logarithmic large-r behaviour suggested in [53] , 
We checked that the wave functions obtained with all three potentials have similar shapes, and in case of J/ψ are close to the light-cone Gauss potential (B1).
